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Exercise 1 (The Direct Method I). Let  C R? be a bounded smooth domain and f € L>(£). Show
that the problem

o (; /Q IVu()|Pdz — /Q f(x)u(ac)da;)

admits a unique solution and compute the associated Euler-Lagrange equation.

Exercise 2 (The Direct Method IT). Let Q C R? be a bounded smooth domain and f € L>(Q). Show

that the problem
. 1 9
inf — [ (Aw)?dz — | fudx
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admits a unique solution and compute the associated Euler-Lagrange equation.
Hint: first show that for all u € C$°(Q2), we have

/(Au)de:/ \V2u|*d.
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Exercise 3 (Failure of the existence theorem for p = 1). Let I =] — 1,1[C R and F : WY1(I) — R be
the functional such that
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1. Let g(x) = z. Show that the infimum of E on

WL (1) = WhL(I) n {u u—ge Wol’l(l)}

is equal to 2.
2. Show that E(u) = 2 implies that u(z) = sgn(x) and conclude after showing that u ¢ W11(I).

Exercise 4 (Failure of the existence method for non-elliptic systems). Let © =]0,27[2C R? and for all

u € WH2(Q), define
s [ ((5) - (5e) ) e

m= inf E(u).
ueWy 2 ()

and define

1. Show that m = —oo.
2. Show that each critical point u € W12(Q) of E satisfies in the distributional sense the equation

oo
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which is known as the wave equation.

Exercise 5. Let f1 : Ma(R) — R, &+ (det€)? and fo : Ma(R) — R, € — [€]* + 16(det £)?. Show that
neither f; or fs is a convex function.



